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Abstract 
A distinct distance set (DD set) for a graph G is a vertex subset of G with the property that for 
ISI = s, we have (~) distinct distances of the pairs of vertices in S. 
In this article, it is shown that 
(a) For 6 ~< k ~< 18 there exists a tree T with DD(T) = k and din(T) = LB(k) < B~(Kk). 
where LB(k) is the smallest value L for which there are positive integers A and B with 
(b) For k ~< 10, the minimum order of a tree T with DD(T) = k is BI(Kk), which is the order 
of the corresponding Colomb ruler for k. 
1. Introduction 
A distinct distance set (DD set) for a graph G is a vertex subset of G with the 
property  that for 1SI = s, we have (~) distinct distances of the pairs of vertices in S. The 
max imum size of a DD set for G is denoted by DD(G). Let d,,(G) be the diameter of 
graph G. Gibbs and Slater [1] have shown that if G is a bipart ite graph with 
DD(G)  = k, then d,,(G) >~ LB(k),  where LB(k)  is the smallest value L for which there 
are positive integers A and B with 
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Let BI (Kk)  denote the size of the Co lomb ruler corresponding to k. Table 1 lists 
B~(Kk)  and LB(k)  for 3 ~< k ~< 18 along with the corresponding values of A and B. 
Gibbs and Slater have stated some conjectures as follows: 
Conjecture 3. For  k ~> 6 there exists a tree T with DD(T)  = k and din(T) < B I (Kk) .  
Conjecture 4A. The min imum order of a tree T with DD(T)  = 7 is 25, which is the 
order of the Co lomb ruler for k = 7. 
Conjecture 4B. For  k ~> B there is a tree T with DD(T)  = k and with the order of 
T less than the order of the corresponding Co lomb ruler for k. 
Taylor  [2] has shown that for 6 ~< k -%< 9, there exists a tree T with DD(T)  = k and 
d, , (T)  = LB(k )  < BI(Kk). 
In this article, we show that 
(a) For  6 ~< k -%< 18 there exists a tree T with DD(T)  = k and din(T) = LB(k )  < 
B1 (Kk); and 
(b) For  k ~< 10, the min imum order of a tree T with DD(T)  = k is B1 (Kk), which is 
the order of the corresponding Co lomb ruler for k. 
2. Trees with minimum diameter 
As exhibited in Fig. 1, the nodes of the tree T9 are marked with dots or blanks in 
such a way that the (9) graphical  distances between dots take all of the values from 
1 to 36. 
Let 
t I : {v I } 
Wn-1 ---- ]tn- l[  (2 ~< n -%< k) 
P . ( i . , j . )  = v ie  i ....... +lVw. ,+ le  ..... +1 ....... +2v ..... +2. . .e j _ l , jV j .  
tn = t . -  l W P . ( i . , j . )  
T k = t k 
Then, T9 is given by Table 2. 
Table 1 
LB(k) for 3 ~< k ~< 18 
k 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 
BI(Kk) 3 6 11 17 25 34 44 55 72 85 106 127 151 177 > 177 > 177 
LB(k) 3 6 11 15 22 29 36 47 55 68 79 92 107 120 139 153 
A,B 1,2 1,3 2,3 2,4 2,5 3,5 3,6 4,6 4,7 4,8 5,8 5,9 6,9 6,10 7,10 8,10 
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Fig. 1. 
Table 2 
Tk n 1 2 3 4 5 6 7 8 9 
T9 i. 0 1 2 I 7 7 14 31 31 
i .  1 2 4 8 13 22 36 48 67 
Furthermore,  in the subtrees, tm (m = 2, 3, 5, 6, 7, 8, 9) of Tg, with diameter LB(m), 
the dots mark a distinct distance set of m nodes. Thus T 9 is worth four instances in 
which Gibbs Slater Conjecture 3 is sharp. Hence we have: 
Lemma 1. For 6 <~ k <~ 9, there exists a tree Tk with DD(Tk)=k and d,,(Tk) = 
LB(k)  < BI(Kk). 
By using the above notation, in Table 3, we show tree Tk (k = 11, 13, 14, 16, 18), with 
diameter LB(k),  the dots mark  a distinct distance set of k nodes. 
F rom Table 3, we have: 
Lemma 2. For k = 11,13,14,16,18, there exists a tree Tk with DD(Tk)= k and 
dm(Tk) = LB(k)  < BI(Kk). 
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Table 3 
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Tk n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 
T8 
J. 
Tl 1 i, 
J, 
T13 i. 
J, 
T14 i, 
J, 
T16 i, 
J, 
T18 i. 
J. 
0 1 2 2 2 15 13 33 
1 2 4 8 16 22 35 44 
0 1 2 2 2 12 16 26 45 73 88 
1 2 4 8 15 24 38 57 77 89 98 
0 1 2 2 7 1! 16 24 55 43 89 92 82 
1 2 4 8 14 23 36 55 63 91 103 124 164 
0 1 2 2 7 13 21 13 34 50 70 96 115 113 
1 2 4 8 15 22 28 45 65 89 119 153 179 219 
0 1 2 2 7 13 21 13 34 50 70 91 143 174 211 143 
1 2 4 8 15 22 28 45 65 89 120 161 191 220 241 307 
0 1 2 1 7 7 14 28 42 57 57 103 143 179 220 298 354 371 
1 2 4 8 13 22 37 53 73 98 132 172 214 263 320 356 372 387 
Fur thermore ,  we have  the tree T lo  = T11 - P~ 1 (i~ 1, Pit ~) in wh ich  the dots  mark  
a d is t inct  d i s tance  set of  10 nodes  wi th  d iameter  LB(10)=47.  In  the tree 
T12 = T13 -- Pla(i13,j la), with  d iameter  LB(12)  = 68, the dots  mark  a d is t inct  dis- 
tance  set of 12 nodes.  In  the tree T15 = T16-P16( i16 , j16) ,  w i th  d iameter  
LB(15)  = 107, the  dots  mark  a d is t inct  d i s tance  set of  15 nodes.  In  the tree 
TlV = T18-  P18(ils, jas), with  d iameter  LB(17)= 139, the dots  mark  a d is t inct  
d i s tance  set of  17 nodes.  Hence  we have  
Lemma 3. For k = 10, 12, 15, 17, there exists a tree Tk with DD(Tk)  = k and d,,(Tk) = 
LB(k)  < BI(Kk) .  
F rom Lemmas 1-3,  we have:  
Theorem 1. For 6 <. k <~ 18, there exists a tree Tk with DD(Tk)  = k and d,,(Tk) = 
LB(k)  < BI(Kk) .  
3. T rees  w i th  min imum order 
With  the he lp  of  a computer ,  we get all the  trees Tk with  DD(Tk)= k and  
]Tk[ ~< BI(Kk) for  7 ~< k ~< 10. Let  Sk be the sets of the  trees Tk wi th  DD(Tk)  = k and  
[Tk[ <<. BI(Kk). The fo l lowing a lgor i thm will const ruct  Sk. 
Program const ruct  (Sk) 
Procedure  const ruct  (T , _  1) 
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begin 
n :=n+l ;  
i fn=k+ 1 thenSk:=SkvoT~ 
else 
W.- I  :=  ]T . - l l ;  
for in:= 1 town 1 do 
fo r j~=wn 1 + 1 to j , , ,do  
begin 
Tn:  = Tn-lwP.(i., j .); 
if DD(T . )  = n and IT.I <~ B1(Kk) then 
construct (7".) 
end 
end if 
end; 
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Tab le  4 
T~ n 1 2 3 4 5 6 7 8 9 10 
T. ~ i. 0 1 2 1 11 17 22 
.j. I 2 4 11 17 22 26 
T: 2 i. 0 1 2 2 11 16 22 
.j~ 1 2 4 11 16 22 26 
T7 3 i. 0 1 2 4 8 16 24 
.j. 1 2 4 9 17 22 26 
T7 ~ i~ 0 1 2 I 13 19 24 
j. 1 2 5 13 19 24 26 
T7 5 i. 0 1 2 5 11 19 24 
j. 1 2 5 11 19 24 26 
T7- 6 i. 0 1 2 8 12 21 24 
j° 1 2 8 12 21 24 26 
T7 ~ i. 0 1 2 10 16 21 I 
j,, 1 2 10 16 21 23 26 
T7 s i. 0 1 2 12 17 20 24 
j. I 2 12 17 20 24 26 
T8-a i,, 0 t 2 5 10 16 23 33 
.j° 1 2 5 10 16 23 33 35 
T8 2 io 0 1 2 6 19 21 25 32 
,j. 1 2 6 19 21 27 32 35 
T9 I in 0 1 2 6 13 26 28 36 42 
j. 1 2 6 13 26 28 36 42 45 
Tio-1 i. 0 1 2 7 11 24 27 35 42 
j. 1 2 7 11 24 27 35 42 54 
54 
56 
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begin 
read(k); Sk := ~b; 
T 2 := V~ wP2(1,2); 
n :=2;  
construct (7",) 
end. 
In the above, 
jk .=Bl(Kk);  jn._l:jn*--(k-(2 -1)) (3~<n~<k). 
From the definition of Sk, it is clear that the above algorithm constructs Sk, with the 
help of a computer. We get all the trees Tk with DD(Tk) = k and I Tkl ~< BI(Kk) for 
7 ~< k ~< 10 as exhibited in Table 4. 
From Table 4 we can see that all the trees Tk with DD(T~) = k have order at least 
BI(Kk), hence we have 
Theorem 2. For k <~ 10, the minimum order of a tree T with DD(T)  = k is BI(Kk), 
which is the order of the correspondin 9 Colomb ruler for k. 
4. Conclusions 
From Sections 2 and 3, we have 
1. Gibbs-Slater Conjecture 3 is true for 6 ~< k ~< 18 
2. Gibbs-Slater Conjecture 4A is true 
3. Gibbs-Slater Conjecture 4B is false for 8 ~< k ~< 10. 
Furthermore, we conjecture that: 
The minimum order of a tree with DD(T)  = k is BI(Kk), which is the order of the 
corresponding Colomb ruler for k. 
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